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Abstract
In this paper, we discuss a kind of φ-Laplacian Rayleigh equation with strong
singularity
(φ(u′(t)))′ + f (t,u′(t)) + g(u(t – τ )) = e(t).
By application of the Manásevich-Mawhin continuation theorem, we obtain the
existence of a positive periodic solution for this equation.
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1 Introduction











u(t – τ )
)
= e(t), (.)
where f : R → R is a L-Carathéodory function, i.e., it is measurable in the ﬁrst variable
and continuous in the second variable, and for every  < r < s there exists hr,s ∈ L[,ω]
such that |g(t,x(t))| ≤ hr,s for all x ∈ [r, s] and a.e. t ∈ [,ω]; f is aT-periodic function about






g(s)ds = +∞. (.)
e ∈ Lp(R) is a T-periodic function and ≤ p≤ ∞, τ is a constant, and ≤ τ < T .
Moreover, let φ :R→R be a continuous function, with φ() = , which satisﬁes
(A) (φ(u) – φ(u))(u – u) >  for ∀u = u, u,u ∈R;
(A) there exists a function d : [, +∞]→ [, +∞], and d(u)→ +∞ as u→ +∞, such that
φ(u) · u≥ d(|u|)|u| for ∀u ∈R.
It is easy to see that φ represents a large class of nonlinear operators, including φp :R→
R is a p-Laplacian, i.e., φp(u) = |u|p–u for u ∈R.
© 2016 Xin and Cheng. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
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As is well known, the Rayleigh equation can be derived from many ﬁelds, such as
the physics, mechanics, and engineering technique ﬁelds, and an important question is
whether this equation can support periodic solutions. In , Gaines and Mawhin []
introduced some continuation theorems and applied this theorem to a discussion of the










Gaines and Mawhin’s work has attracted the attention of many scholars in diﬀerential
equations.More recently, the existence of periodic solutions for the Rayleigh equationwas
extensively studied (see [–] and the references therein). In , by using themethod of
upper and lower solutions, Habets and Torres [] investigated the existence π-periodic
solutions of (.) by assuming that g = g(t,u,u′) is bounded (or bounded from below).
Afterwards, by application of the time map continuation theorem, Wang [] discussed










In this direction, the researchers in [–] discussed the p-Laplacian Rayleigh equation.
In , by employing Mawhin’s continuous theorem, Cheung and Ren [] studied how













t – τ (t)
))
= e(t)















By using the Manásevich-Mawhin continuation theorem and some analysis techniques,
the authors established a suﬃcient condition for the existence and uniqueness of positive
periodic solutions for (.).
In the above papers, the authors investigated several kinds of Rayleigh and p-Laplacian
Rayleigh equations. However, as far as we know, the study of periodic solutions for the
φ-Laplacian diﬀerential equation with strong singularity is relatively rare. In this paper,
we try to ﬁll this gap and establish the existence of positive periodic solutions of (.) by
employing the Manásevich-Mawhin continuation theorem. Finally, a numerical example
demonstrates the validity of the method.
2 Positive periodic solution for (1.1)
In this section, we will consider the existence of positive periodic solution for (.) with
strong singularity. First of all, we embed equation (.) into the following equation family











u(t – τ )
)
= λe(t). (.)
The following lemma is a consequence of Theorem . of [].
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Lemma . Assume that there exist positive constants E, E, E, and E < E such that the
following conditions hold:
() Each possible periodic solution u to equation (.) such that E < u(t) < E, for all
t ∈ [,T] and ‖u′‖ < E, here ‖u′‖ := maxt∈[,T] |u′(t)|.























Then (.) has at least one T-periodic solution.
For the sake of convenience, we list the following assumptions which will be used re-
peatedly in the sequel:
(H) There exist constants  < d < d such that g(u) – e(t) >  for u ∈ (,d) and g(u) –
e(t) <  for u ∈ (d, +∞).
(H) There exist positive constants a, b such that
g(u)≤ au + b, for all u > . (.)
(H) There exist constants α and m >  such that
f (t,u)u≥ α|u|m, for (t,u) ∈ [,T]×R.
(H) There exist positive constants β and γ such that
∣∣f (t,u)
∣∣ ≤ β|u|m– + γ , for (t,u) ∈ [,T]×R.
Lemma . Assume that (A) and (H) hold. Then there exists a point t ∈ [,T] such that
d < u(t)≤ d. (.)
Proof Let t, t, respectively, be the global minimum point and the global maximum point





))′ ≥ . (.)
In fact, if (.) does not hold, then (φ(u′(t)))′ <  and there exists ε >  such that
(φ(u′(t)))′ <  for t ∈ (t–ε, t+ε). Therefore, φ(u′(t)) is strictly decreasing for t ∈ (t–ε, t+ε).
From (A), we know that u′(t) is strictly decreasing for t ∈ (t – ε, t + ε). This contradicts
the deﬁnition of t. Thus, (.) is true. From f (t, ) = , (.) and (.), we have
g
(
u(t – τ )
)
– e(t)≤ . (.)
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Similarly, we can get
g
(
u(t – τ )
)
– e(t)≥ . (.)
From (H), (.), and (.), we have
u(t – τ )≥ d and u(t – τ )≤ d.
In view of u being a continuous function, there exists a point t ∈ [,T], such that
d ≤ u(t)≤ d. 
Lemma . Assume that (A) and (H), (H) hold. Then there exists a positive constant
M such that
u(t) <M. (.)















































































u(t – τ )
)
du(t – τ ) = , (.)
since du(t) = du(t–τ )d(t–τ ) dt = du(t – τ ).
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m– dt)m–m . It is easy to see that there exists a positive constant




∣∣m dt ≤M′. (.)


































Lemma . Assume that (A), (A), and (H)-(H) hold. Then there exists a positive con-
stant M such that
∥∥u′
∥∥ <M. (.)














dt = . (.)




























































∣∣x(t – τ )




∣∣m– dt + γT + ‖e‖T 









+ γT + ‖e‖T 
≤ aMT + bT + βT mM′
m–
m
 + γT + ‖e‖T

 . (.)






























































































≤ (aMT + bT + βT mM′
m–
m










In fact, if u′ is not bounded, then from the deﬁnition of d, there exists a positive constant




∣∣ ≤ φ(u′)u′ ≤ ∣∣φ(u′)∣∣∣∣u′∣∣ ≤M′
∣∣u′
∣∣.




∣) ≤M′, for all u ∈R,
which is a contradiction. So, (.) holds. 
Lemma . Assume that (A), (A), and (H)-(H) hold. Then there exists a positive con-
stant M such that
u(t)≥M. (.)
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u′(t + τ )
))′ + λf
(






= λe(t + τ ). (.)






























e(s + τ )u′(s)ds. (.)















































































































 + γT + T






From the strong force condition (.), we know that there exists a constant M >  such
that
u(t)≥M, ∀t ∈ [ξ ,T]. (.)
Similarly, we can consider t ∈ [, ξ ]. 
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By Lemmas .-., we obtain the following main result.
Theorem . Assume that conditions (A), (A), and (H)-(H) hold. Then (.) has a pos-
itive T-periodic solution.
Proof Let E < min{d,M}, E > max{d,M}, E >M are constants, from Lemmas .-
., we see that the periodic solution u to (.) satisﬁes
E < u(t) < E,
∥∥u′
∥∥ < E. (.)





E < D < E is satisﬁed. Therefore, condition () of Lemma . holds. Finally, we consider














So condition () is also satisﬁed. By application of Lemma ., we see that (.) has at least
one positive periodic solution. 
We illustrate our results with one example.







 –  sin t
)(
u′(t)
)m– + uκ (t) – u(t) = e
cos t , (.)
where φ(u) = ue|u| ,m > , and κ ≥ .
Comparing (.) to (.), it is easy to see that g(t,u) = uκ (t) – u(t), f (t,w) = ( –




(u – v)≥ (|u|e|u| – |v|e|v|)(|u| – |v|) ≥ 
and
φ(u) · u = |u|e|u| .
So, conditions (A) and (A) hold. Moreover, it is easily seen that there exists a constant
d =  such that (H) holds. As a =  and b = , condition (H) holds. Consider f (t,w)w =
( –  cos t)wm ≥ wm, here α = , and |f (t,w)| = |( –  cos t)wm–| ≤ |w|m– + ,
here β = , γ = ; thus, we see that conditions (H) and (H) hold. Therefore, by Theo-
rem ., we know that (.) has one positive periodic solution.
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